Abstract. We characterize all three point sets in R 4 with integer coordinates, the pairs of which are the same Euclidean distance apart. In three dimensions the problem is characterized in terms of solutions of the Diophantine equation a 2 + b 2 + c 2 = 3d 2 . In R 4 , our characterization is essentially based on two different solutions of the same equation. The characterization is existential in nature, as opposed to the three dimensional situation where we have precise formulae in terms of a, b and c.
INTRODUCTION
Our work is motivated mainly by the result in [10] and [12] which characterizes the dimensions n in which n dimensional lattice simplices exist: all n such that n + 1 is a sum of 1, 2, 4 or 8 odd squares. We are interested in the existence and characterizations of smaller dimension lattice simplices in dimension four. The Diophantine equation [1,5,11] 9 [1, 11, 11] , [5, 7, 13] d
[a,b,c] 11 [1, 1, 19] , [5, 7, 17] , [5, 13 , 13] 13 [5, 11, 19] , [7, 13 , 17] 15 [1, 7, 25] , [5, 11, 23] , [5, 17, 19 ] 17 [1, 5, 29] , [7, 17, 23] , [11, 11, 25] , [13, 13, 23] 19 [1, 11, 31] , [5, 23, 23] , [11, 11, 29] , [13, 17, 25] As a result of this investigation, we found yet a new (see [4] ) parametrization of solutions of (1) and strong numerical evidence supports the conjecture that it is exhaustive: Date: July 14 th , 2013. Key words and phrases. equilateral triangles, system of Diophantine equation, quadratic forms, Lagrange's four square theorem .
(2) a := x 2 + y 2 − z 2 − t 2 + 2(xz − xt − yt − yz), b := y 2 + t 2 − x 2 − z 2 + 2(yz − xy − xt − zt), c := z 2 + y 2 − x 2 − t 2 + 2(xy + yt + xz − 2zt), d := x 2 + y 2 + z 2 + t 2 , for some x, y, z and t ∈ Z.
Equation (1) is at the heart of our main result so let us remind the reader of a few of the facts about it. For a primitive solution [a, b, c] of (1) we have a, b, c ≡ ±1 (mod 6). If we are interested in integer solutions of (1) it is easy to see that a, b and c must all be odd numbers too. The number of all primitive solutions of (1) is known ([2], [6] ) and it can be calculated with the formulae
by a prime factor of the form 8s + 5 or 8s + 7, s ≥ 0,
where k is the number of distinct prime factors of d of the form 8s + 1 or 8s + 3 (s > 0),
and (

−3
p ) is the Legendre symbol. We remind the reader that, if p is an odd prime then
.
For some values of d we may have primitive solutions of (1) satisfying either a = b or b = c. This extra assumption leads to a Diophantine equation of the form 2a 2 + c 2 = 3d 2 and in [6] we have characterized the (primitive) solutions [a, c, d] ∈ N 3 satisfying such an equation. This was done in a manner similar to the way primitive Pythagorean triples are usually described by a parametrization over two natural numbers. For the convenience of the reader we include this characterization here and point out that the number of such solutions depends upon the prime factors of d which are of the form 8s + 1 or 8s + 3 (see [3] and [7] ). THEOREM 1.1. Suppose that k and ℓ are positive integers with k odd and gcd(k, ℓ) = 1. Then a, c and d given by
constitute a positive primitive solution of 2a 2 + c 2 = 3d 2 . Conversely, with the exception of the trivial solution a = c = d = 1, every positive primitive solution for 2a 2 + c 2 = 3d 2 appears in the way described above for some l and k.
The number of decompositions of d, as in this characterization, is well known and this number is basically included in the calculation (4) of Γ 2 (d). Theorem 1.1 gives us another way to construct examples of (1) that are good for testing various conjectures.
In this paper we are interested in finding a simple way of constructing three points in Z 4 , say
We will disregard integer translations, so we will assume that C is the origin (C = O). So, (8) can be simplified to
A trivial way to get new equilateral triangles from old ones is to permute the coordinates and change their signs (a total of possibly 4!(2 4 ) = 384 different triangles). Also, we will mainly be talking about irreducible triangles, in the sense that the triangle OAB cannot be shrunk by an integer factor to a triangle in Z 4 .
Our first example of a whole family of equilateral triangles in Z 4 is given by any solution of (1), taking A(d, a, b, c) and B(2d, 0, 0, 0). The triangle OAB is irreducible as long as we start with a primitive solution of (1) and its side-lengths are equal to 2|d|. This example shows that we have a totally different situation compared with the 3-dimensional case where the side-lengths are never an integer. For comparison, let us include here the parametrization from [5] . 
where q = a 2 + b 2 and r, s can be chosen so that all six numbers in (11) are integers. The sideslengths of △OP Q are equal to d 2(m 2 − mn + n 2 ). Moreover, r and s can be constructed in such a way that the following properties are also satisfied:
(i) 2q = s 2 + 3r 2 and similarly 2(b 2 + c 2 ) = ς 2 1 + 3ζ 2 1 and 2(a 2 + c 2 ) = ς 2 2 + 3ζ 2
2
(ii) r = r ′ ωχ, s = s ′ ωχ where ω = gcd(a, b), gcd(r ′ , s ′ ) = 1 and χ is the product of the prime factors of the form 6k
, where A = ac and B = bd.
When it comes to the irreducible elements in Z[i √ 3] we use only the following decomposition of
As we can see from the above theorem, the possible values of D (defined in (8) ) for the existence of an irreducible triangle must be of the form 2(m 2 − mn + n 2 ), m, n ∈ Z.
Let us see that in Z 4 every even D, as in (8), can be attained for some equilateral triangle not necessarily irreducible. This can be accomplished by the next family given by
where a, b, c and d are arbitrary integers. The side-lengths are 2(a 2 + b 2 + c 2 + d 2 ). By Lagrange's four-square theorem we see that for every even D, we can find an equilateral triangle, as
in (12), whose side-lengths are equal to √ D.
Another difference that we encounter is that in Z 3 , only the equilateral triangles given as in Theorem 1.2 with m 2 − mn + n 2 = k 2 , k ∈ Z, can be extended to a regular tetrahedron in Z 3 ([6] ). We conjecture that in Z 4 every equilateral triangle can be extended to a regular tetrahedron in Z 4 . For example, the family in (12) can be completed to a regular tetrahedron by taking
. In this paper we will also show that every triangle in the first family given here (p. 3) can be extended to regular tetrahedrons. In fact, we will show more generally that, this is indeed the case, for the family defined by
, with m, n ∈ Z, gcd(m, n) = 1.
Preliminary Results
Our classification is driven essentially by the side-length PROOF. For necessity, from (9) we see that
which proves that D must be even, and so D = 2L with L ∈ N. If L is odd, then we are done, so let us assume that L is a multiple of 2. Then D = 2L is a multiple of 4. Then
implies that either all a i 's are even or all are odd, since every perfect square is equal to 0 or 1 (mod 4). Similarly the b i 's are all even or all odd. If the triangle OAB is irreducible we may assume that the a i 's are all odd numbers, say a i = 2a
As a result, we have
Hence L 2 must be odd. For sufficiency, let us use Lagrange's four square theorem and write 2 j−1 (2ℓ−1) = a 2 +b 2 +c 2 +d 2 , a, b, c and d in Z. Since j ∈ {1, 2}, not all odd a, b, c and d are odd. In fact, using the Theorem 1 from [2], (page 9), we may assume that gcd(a, b, c, d) = 1. Using (12) appropriately, we obtain an irreducible equilateral triangle T , whose side lengths equal 2 j (2ℓ − 1).
Remark:
One may want to use orthogonal matrices having rational coordinates (see [11] ) in order to construct new equilateral triangles from old ones. The group of symmetries of the fourdimensional space which leaves the lattice Z 4 invariant consists only of those transformations that permutes the variables or change their signs. One of the simplest orthogonal matrix having rational entries is
and quaternion theory provides a huge class of similar examples. One can use such a matrix to transform equilateral triangles in Z 4 into equilateral triangles in Q 4 and then use a dilation to get integer coordinates.This results into changing their sides by a square factor. By Proposition 2.1, we know that this method is not going to cover all the equilateral triangles starting with a given one.
In fact, we are aiming in determining a way of constructing orthogonal matrices from equilateral triangles as in the case of three dimensions.
The next observation we make is a known way to generate new triangles from given ones. This is similar to the parametrization from Theorem 1.2. 
is also equilateral and its side-lengths are equal to | − − → P Q| √ m 2 − mn + n 2 .
(ii) There exists an equilateral triangle ORS ∈ Z 4 in the same plane as △OP Q such that all equilateral triangles in this plane (having O as one of the vertices) are generated as in (14) from
(iv) △OP Q is minimal, as in part (ii), if it is irreducible and if | − − → P Q| 2 is not divisible by 3 or by a prime of the form 6k + 1.
PROOF. (i) We just calculate
(ii) To show the existence of a minimal triangle, we choose an equilateral triangle with integer coordinates △ORS, in the same plane, which has the smallest side-lengths. If this triangle doesn't cover all the triangles that are in the same plane, there exists one with integer coordinates, say △OAB, as in Figure 1 , whose vertices are not part of the tessellation generated by △ORS. Then,
we can see that the position of A and B within the tessellation generated by ORS, provide the existence of an equilateral triangle with smaller side-lengths and having integer coordinates (in Figure 1 , it is denoted △ODC). This contradicts the assumption about the smallest side lengths. 
because of the minimality of OP Q. We conclude that m = tu and n = tv which contradicts the assumption that gcd(m, n) = 1.
(iv) If △OP Q is not minimal then by (a) and (b) we see that | − − → P Q| 2 = (m 2 − mn + n 2 )ℓ for some integers m, n and ℓ = | − → RS| 2 where △ORS is minimal. By our assumption on | − − → P Q| 2 , this forces either m 2 − mn + n 2 = 1 in which case △OP Q is a minimal triangle, or some prime p of the form 6k − 1 divides m 2 − mn + n 2 . In this case, p divides m and n which contradicts the fact that △OP Q is irreducible.
, different of the origin, is a point such that the number D = x 2 1 + x 2 2 + x 2 3 + x 2 4 is even. Then there exists B ∈ Z 4 such that OAB is equilateral. Moreover, there exists C ∈ Z 4 such that OABC is a regular tetrahedron.
PROOF. It is clear that since D is even, the number of odd numbers in the list
even. This means, we can match them in two pairs such that the numbers in each pair are of the same parity. So, without loss of generality, we may assume that x 1 and x 2 have the same parity and that the same is true for x 3 and x 4 . Hence the systems
have solutions in integers for a, b, c, and d. Then the statement follows from the parametrization given in (12) and from the observation that follows (page 4).
The last result of this section is supporting the following conjecture for which we have strong numerical evidence.
Conjecture I: Every equilateral triangle in Z 4 is a face of a regular tetrahedron in Z 4 . PROPOSITION 2.4. Conjecture I is true for the family given by (13).
PROOF. Let us assume that A and B are given by (13). We may try to take R((m−n)d, x, y, z) such that
If we can find integers satisfying (15), then
2 (m 2 − mn + n 2 ), and
This ensures that OABR is a regular tetrahedron. where au + bv + cw = 0, then the first equality in (15) is satisfied. The second equation in (15) is equivalent to
We are going to use the vectors defined by the Theorem 1.2 and take 
Since 2q ≡ s 2 (mod 3) and q ≡ −c 2 (mod 3) then c ≡ ±s (mod 3). We may choose the vector − → ς (changing the sign if necessary) so that s + c ≡ 0 (mod 3). In fact, let us observe that we can accomplish even more by a change of sign, that two of the coordinates x, y or z are integers. The third coordinate must also be an integer since x 2 + y 2 + z 2 = d 2 (3m 2 − 2mn + 3n 2 ).
Let us observe that the two parameterizations (12) 
Our necessary condition
For a set of vectors V in R 4 we denote as usual by V ⊥ the set of vectors x ∈ R 4 perpendicular to every vector v in V , i.e., PROOF. Using Lagrange's Identity, we get
We have seen in the proof of Proposition 2.1 that
If we denote by ∆ ij = (−1) i−j (a i b j − a j b i ), we observe that ∆ ij = ∆ ji for all i, j ∈ {1, 2, 3, 4}, i < j. We have a relation which is a constraint on the solutions of (18):
This also implies that we have a relation similar to the one in (18), but with only three perfect squares:
One can check that
So, to prove our statement we take α 1 = ∆ 12 + ∆ 34 , α 2 = −∆ 13 + ∆ 24 , α 3 = ∆ 14 + ∆ 23 , It is easy to check that if α 3 = β 3 then the two vectors v and w are linearly independent and so the orthogonal space {v, w} ⊥ is two-dimensional. By permuting coordinates and/or changing their signs, we can insure that α 3 − β 3 = 2∆ 23 = 0, since by (18) and the assumption that k > 0, we see that not all of the ∆ ij can be zero.
Remark I: Let us observe that the Gram determinant of the vectors v and w, defined as in Proposition 3.1, has an interesting value:
. This calculation has something to do with the area of the fundamental domain of the lattice of points determined by all the points of integer coordinates in the orthogonal subspace determined by the two vectors v and w. Indeed, if ∆ 23 = 1 is equal to one, then this subspace is generated
assuming that these two vectors have integer coordinates also. Hence the area of the parallelogram determined by these two vectors is A = |v ′ ||w| sin(ψ) where ψ is the angle between v ′ and w ′ . Since
At the end of the paper we will exemplify more about this and its connection with the Ehrhart polynomial associated to those triangles. This is very similar to the 3-dimensional situation (see [8] ).
Remark II: Let us observe that in example (12) we have
We also see that
We observe that these calculations give us a candidate for a parametrization of all of the solutions of the Diophantine equation (1) which was mentioned in (2).
4.
Our necessary condition is also sufficient THEOREM 4.1. Given k odd, and two different representations of (1), i.e., integers, then all numbers defined above are integers. We notice that
2 )] = 0, and
Let us introduce ∆ 1 := gcd(∆ 34 , ∆ 24 , ∆ 23 ) and ∆ 2 := gcd(∆ 23 , ∆ 13 , ∆ 12 ). Clearly gcd(∆ 1 , ∆ 2 ) = 1.
The equations of the hyper-planes in (22) do not depend on ∆ 1 and ∆ 2 . We see that the assumption ∆ 23 > 0 insures that the equations (22) define a two dimensional space in R 4 . In order to prove our claim, it suffices to show that an equilateral triangle with rational coordinates exists in S. We can solve the equations (22) for rational values of t and u:
If we denote a generic point P ∈ R 4 in the plane (22), in terms of v and w, i.e.,
we observe that for two pairs of the parameters, (v, w) and (v ′ , w ′ ), we obtain ∆ ′ 23 = wv ′ − vw ′ ,
and similarly ∆ ′ 13 = ∆ 13 ∆ ′ 23 /∆ 23 , etc. We will show that a non-zero equilateral triangle of the form OP (v, w)P (v ′ , w ′ ) exists for some integer values of v, w, v ′ and w ′ . From the proof of Proposition 3.1, we see that it is sufficient to have OP (v, w) 2 = OP (v ′ , w ′ ) 2 = 2L and
for some r > 0. By Proposition 3.1, we may take L = kℓ for some ℓ ∈ Z, ℓ > 0, since the equations (17) may be simplified by some integer.
By Lagrange's identity, calculations similar to those in the derivation of (18), show that if Table 1 below for other examples). As we have pointed out in the Remark I after Proposition 3.1, the fundamental domain of the lattice of integer points in the plane containing this triangle has an area of 11 √ 3. Therefore, its Ehrahrt polynomial is equal to P (△ 1 , t) = 11t 2 + 2t + 1, t ∈ N, which implies that there are exactly 10 points of the lattice in its interior.
Let us take an example when k is a composite number, say k = 15. We will take a = 1, b = 7, between L and k seems to be complicated but numerical evidence shows that k ≤ L ≤ 2k 2 .
